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Abstract

The periodic impact force induced by the tip—sample contact in tapping mode atomic force microscopy (TM-AFM)
gives rise to anharmonic oscillations of the sensing cantilever. These anharmonic signals can be understood with a
model which goes beyond the common Hookian approximation: the cantilever is described as a multiple degree of
freedom system. A theoretical analysis of the anharmonic signals in the light of the extended model shows that these
signals contain information on the elastic properties of the specimen surface. In Fourier transformed operation mode
of TM-AFM the anharmonic oscillations are analyzed in the frequency domain. This allows for the reconstruction of
characteristics of the tip—sample force, like contact time and maximum contact force. © 2000 Elsevier Science B.V.

All rights reserved.
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1. Introduction

For the investigation of elastic properties of
surfaces of hard specimens, like semiconductors,
alloys or ceramics, dynamic contact mode force
microscopy has become a valuable tool. In the
ultrasonic or acoustic imaging mode, ultrasonic
waves are coupled either directly to the scanning
cantilever or to the specimen, while the tip is in
direct contact with the specimen. Investigation of
the cantilever response in the frequency domain
allows us to determine mechanical characteristics
of the tip—sample contact: stiffness by
ultrasonic/acoustic microscopy [1-3], friction by
acoustic friction microscopy [4,5], and lateral

* Corresponding author. Fax: +49-89-23944331.
E-mail addresses: robert@nanomanipulation.de
(R.W. Stark), w.heckl@Irz.uni-muenchen.de (W.M. Heckl)

stiffness by torsional overtone microscopy [6]. In
order to understand the frequency response in
these contact imaging modes, the cantilever must
be described as a multiple degree of freedom
system in order to reproduce the higher degree
resonances of the system.

In intermittent contact microscopy, basically
two operational modes can be distinguished. If the
cantilever is driven well below the fundamental
resonance frequency, surface forces can be
acquired quasi-statically in pulsed force mode [7].
In contrast, if the cantilever is driven near to or
at its resonant frequency, like in tapping mode
atomic force microscopy (TM-AFM) [8], a
dynamic model has to be applied. A one degree of
freedom approximation for the cantilever is widely
used in order to describe TM-AFM. There, the
cantilever is described as a Hookian spring, where
a lumped mass is attached. The mass interacts
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periodically with the surface, which allows us to
describe the system by a grazing impact harmonic
oscillator model [9]. It was shown that experimen-
tal data and theory using harmonic approximation
agree sufficiently well [10,11]. However, anhar-
monic signal components could be observed exper-
imentally in TM-AFM when the setpoint was
adjusted in a way which is referred to as ‘hard
tapping’ [12]. In several recent studies, dynamic
behavior of the tapping cantilever was reported
experimentally [13,14] and theoretically [15],
which is inconsistent with a simple harmonic
approximation.

Anharmonic cantilever dynamics can be attrib-
uted to non-linear interactions induced by the tip—
sample contact, or in the surrounding viscous
media. For dynamic contact mode microscopy the
response of a surface coupled cantilever was inves-
tigated theoretically [16] and experimentally [17].
For intermittent contact force microscopy a similar
approach is feasible. This means that the cantilever
has to be described within a framework of a
multiple degree of freedom system with harmonic
(driving) and anharmonic (tip—sample interaction)
external forces.

Very recently, it was shown experimentally that
the periodic impact of the tip on the sample in
tapping mode atomic force microscopy induces
high-frequency ultrasonic vibrations of the cantile-
ver [18,19]. Harmonics of the working (driving)
frequency of about 45 kHz were prominent in the
photodiode signal. The harmonic distortion of the
photodiode signal was much larger than would be
expected from the inherent harmonic distortion of
the excitation. The main source of the harmonic
distortion is the non-linearity of the tip—sample
interaction. In a first and simple approach the
periodic mechanical tip—sample interaction can be
understood as an arbitrary periodic external force,
which acts on the free end of the cantilever. This
periodic, but anharmonic, force introduces higher
frequency components into the system.

In this article, we discuss a simple semi-analyti-
cal approach, where the multiple degree of freedom
dynamics of a cantilever in tapping mode are
investigated with respect to elastic surface
properties.

2. Theory
2.1. General

For the application of the theory of small
cantilever deflections, several conditions have to
be fulfilled. (i) The oscillation amplitudes must be
very small compared with the dimensions of the
cantilever. In TM-AFM the amplitudes range typi-
cally from 1 to 100 nm. In contrast, a typical
cantilever has a thickness of 500 nm or more.
Therefore, a theory of small deflections is appro-
priate. (ii) The cantilever material can be described
as a linear and homogeneous continuum. This is
usually fulfilled for microfabricated cantilevers.
(ii1) The wavelength of the cantilever oscillations
must be smaller than the beam thickness. This was
shown to be valid for the first 30 eigenmodes [20].
As will be shown in the following, few eigenmodes
are needed to model the cantilever dynamics.

The one-dimensional Euler—Bernoulli equation
governs the dynamics of a rectangular cantilever.
For the model calculations here, let the mass
density of the material m(x), the moment of inertia
I(x), and Young’s modulus E(x) be constant. The
mass of the tip is neglected. Thus, the equation of
motion for transversal cantilever vibrations is

o4 ow(x,t) *w(x,t)
EI@ W(X,l)‘i‘al +m(x T
ow(x,t)
+aom(x) Py =f(x.0). (1)

Here, w(x,t) is the time-dependent transverse dis-
placement of the centerline from the neutral posi-
tion. Damping is modeled by two parameters: the
parameter «, describes the mass proportional damp-
ing, whereas «, is a stiffness proportional damping
parameter. (For a comparative study on theory and
experiment of cantilever eigenmodes, cf. Ref. [17].)

Fig. 1 illustrates the different forces in
TM-AFM. The cantilever is driven by harmonic
displacements of the base, whereas anharmonic
forces are introduced by the tapping tip. The first
step in order to investigate the cantilever, which is
periodically excited by an external force, is to
transform Eq. (1) into a suitable set of normal
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Fig. 1. Principle of tapping mode AFM. The cantilever is excited
harmonically at the base. The periodic impact of the tip on the
sample gives rise to anharmonic contributions in the signal.

coordinates. This yields a set of decoupled har-
monic oscillators. Then, the arbitrary external load
is expressed in a Fourier series, which subsequently
allows us to calculate the response of each indivi-
dual harmonic oscillator. Finally, the total geomet-
ric response of the cantilever beam is obtained by
summation of the individual harmonic oscillators.

2.2. Response to an arbitrary periodic external load

The eigenfunctions ¢,(x) of the undamped
system [Eq. (A.7)] constitute a useful coordinate
system for the description of the freely vibrating
cantilever under an external load. Applying the
transformation rule

W)= Y a0 Y0 2)

Eq. (1) can be transformed into a set of decoupled
ordinary differential equations

. . Fi(1)

Vi) + 2y, Yi() + 07 Yi(1) = "

i

,i=1,2,...

(3)

(see Appendix B). The generalized force F;, gener-
alized mass M;, and damping parameter 7; are
discussed in Appendix B. For harmonic forces
F(t) the stationary amplitudes for the respective
eigenmodes ¢; as derived from Eq. (3) are
2 1 VD
Y,(l)=£ (1 ﬁl) 1(2/lﬁl)
K (1=B7)* +(29:8:)°

exp (1Q¢) (4)

with ff;=Q/w; as the frequency ratio between driv-
ing force and the respective resonant frequency
;. The generalized stiffness is K; = M,;w?.

Now, the response of the cantilever to an arbi-
trary external loading has to be derived. A periodic
but arbitrarily shaped generalized excitation func-
tion Fy(t) with base frequency 2 can be expanded
in a Fourier series (with complex coefficients c; ;)

0

Fi()y= ) ¢ exp(ikQr). (5)

k=—o0

Thus, the time-dependent stationary amplitude
response of the individual modes ¢; is given by

12 (1= —i(2yiBis)
Y.(£)= — i i .
0 K; k=2w (1= +(2yi i) o
x exp (1kQt). (6)

Also here, the frequency ratio is f;;,=kQ/w,.
Introducing the complex coefficients

1 (1=p2)—1i(2y;B;
C{k:7 ( 2,k)2 ( /ﬂ,k)2 Cin 7
K; (1=Bi0)° +(2y:Bix)

the steady state response to an arbitrary but peri-
odic external force can be written conveniently

w(x,t)= OZO: 0;(x) i el exp(ikQr). (8)

Usually, in an AFM the derivative at the end of
the cantilever at x=L is measured by a light-lever
set-up. Thus, the photodiode signal is

SW=3 i) Y el expliken). ©)

i=1

Note that throughout this paper Eq. (9) is
employed in order to calculate the photodiode
signal. The numerical value is given in nanometers,
which is a nominal value as it would be obtained
using a quasi-statically calibrated light-lever detec-
tion AFM. In Ref.[20] this nominal value is
referred to as ‘virtual deflection’. In order to
calculate the true tip deflection, Eq. (8) must be
used instead of Eq. (9).
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2.3. Tip—sample force

The periodic force induced by the impact is
now integrated into the model. In order to avoid
complicated numerical simulations of the grazing
impact cantilever, a first order approximation is
made: the tip—sample force is calculated from a
numerical model employing only a one degree of
freedom approximation, higher order cantilever
resonances are neglected. From this numerical
model, the tip—sample force is extracted and used
as a parameter in the more complex multiple
degree of freedom system derived in the previous
section.

In order to allow the first order approximation
of the tapping forces f**P(x,¢), the boundary condi-
tions for a freely oscillating cantilever have to be
fulfilled for most of the cycle time. In other words:
(iv) the higher degree oscillation amplitudes A,
(k>1) are small compared with the fundamental
oscillation 4, (4, < A4,); (v) the tip sample contact
time ¢'=1T is short compared with the cycle 7.

The differential equation for a single degree of
freedom tapping cantilever in the framework of
Hertzian contact mechanics is then given by

Y42y y + [y —ys — A¢ sin(Q1)]

0 if y<—4°
={ (10)
f(y) else
with
w3
S)= % Kege R'd(y) (11)

where w, is the resonant frequency and y the
damping coefficient (cf. Ref. [9], for other models
of contact mechanics applied to TM-AFM cf. e.g.
Ref. [21] or Ref. [22]). For the sake of simplicity,
only repulsive contact mechanics are assumed,
attractive forces are neglected. R is the radius of
the AFM tip, »° the distance between the zero
position of the tip and the sample, 4¢ the driving
amplitude at the cantilever base, and
d[y(1)]=y(t)—y* if y <0 is the indentation of the
tip into the sample. The parameter which describes
the elastic properties of the sample (and the tip) is

the effective stiffness

4 |:1—v%+1—v§:|1 1)
Ketf = ——
T | E E,

with the respective Young’s moduli E; and Poisson
ratio v;. By numerical solution of Eq. (11) the
periodic anharmonic interaction force is deter-
mined. For an analytical description of the multiple
degree of freedom system, the Fourier series for
the tip—sample force f™P(x,t) has to be derived.
The impact force acts only on the free end of the
cantilever at x=L, thus

S0 =0(x —L)g" (7). (13)

The function g"P(¢) is the time-dependent inter-
action force as derived from the numerical simula-
tion, J(x) is the Dirac delta function.

The generalized total force Fi(¢) acting on the
cantilever has two constituents: the periodic but
anharmonic generalized impact F{*"(¢), and the
external driving force F¢mive(t):

L

Fi(t)=FPP(t)+ Five(r) = J SP(x,0)pi(x)dx

0

L
+j fEVe(x, ) p;(x)dx. (14)
0

However, for the investigation of higher degree
harmonic terms, only Fi*P has to be discussed in
detail, because F¢¥® is harmonic. The generalized
interaction force is derived from Eq. (13).
Integration yields

FE () =p:(L)g"** (1) (15)

The function g*P(7) is a convolution of the impact
function for a single impact /i(¢) with a Dirac
comb

o 2n

g ()=h(t)x Y ol t—AI—k—). (16)
k=—o Q

The relative time delay with respect to the cycle

duration of the pulses is AS. Using the Parseval

theorem, the Fourier expansion S, of the impact

function g*P(¢) is obtained

[ee] o0

Sey= Y, ¢ exp(ikQr)= Y,

k=—o k=—o

cled exp(ikQt).

(17)



R.W. Stark, W.M. Heckl | Surface Science 457 (2000) 219-228 223

The complex Fourier coefficients of /4(¢) and the
Dirac comb are

ch

T
lTj h(t)exp(—ikQt)de (18)

0
o= ; [sin(kQAY) —i cos(kQAJ)]. (19)

The amplitude coefficients 42 =2|c}|| =1 are con-
stant. This means that the ¢ determine the phase
relation, but not the amplitude of the signal.
Therefore, a discussion of the amplitudes of the
individual harmonic terms can be limited to the
coeflicients cf'.

3. Results and discussion

In the following, the detection of higher har-
monic signals as image information is investigated
within the framework of the theory. As a numerical
example, the material parameters of a silicon wafer
surface are used.

The cantilever parameters used in the calcula-
tions are: resonant frequency of the fundamental
mode f;=100kHz, spring constant ¢=20 N/m,
quality factors Q; =100, Q,=417, 0;=340, Q,=
200, Q5=26, i.e. y,;=0.005,7,=0.0012, y;=
0.0015, y,=0.0025, ys=0.019, and tip radius R=
10 nm. The sample parameters correspond to a
silicon (100) surface with a Young’s modulus of
E¢100>=129 GPa. Attractive surface forces are
neglected. The amplitude of the freely vibrating
tip is A%=30nm, and the average distance
between the zero position of the cantilever and the
specimen surface is A4°*°*=20nm. The distance
between the zero deflection of the cantilever and
the sample surface is kept constant. On hard

Table 1

specimens, like the silicon surface here, this repre-
sents a standard tapping mode AFM with ampli-
tude feedback. In order to determine the sensitivity
of the cantilever signals to changes in the surface
elasticity, additional calculations were carried out
for an inhomogeneity, which is 10% softer with
En=116.1 GPa (i.e. 90% E ;op). The effective
contact stiffness of the tip—sample contact x. [ Eq.
(12)] is the key parameter for the dynamics of the
anharmonic contributions. Due to the choice of
the numerical material parameters, k. varies by
5.5%. The material parameters and the results of
the numerical solution of Eq. (10) are summarized
in Table 1.

In the next step, the solution of Eq. (10) is used
to determine the parameterization of the tip—
sample contact as external force. The impact
g"P(¢) as derived from the numerical simulation is
shown in Fig. 2. In order to simplify further calcu-
lations, the numerical solution is approximated by

80 T T T T T T T T T T T T

60 - s

~
Z
=
jo/ 40 4
1) F
—
£
20 .
—-||eT
of L
1 1 1 " 1 " 1 " 1 I 1
0.0 05 1.0 15 2.0 25 3.0

time (cycles)

Fig. 2. The periodic impact force as determined by the numeri-
cal simulation for the one degree of freedom system. The relative
contact time t and the contact force F are defined as indicated.

Parameters used for the numerical simulation: Young’s modulus £ and Poisson ratio v. The values are valid for a silicon (100) wafer
surface and a 10% softer inhomogeneity (Inh). Numerical results are the maximum indentation d of the tip into the sample, the
maximum force F, the maximum stress P, the phase angle between free and tapping oscillation 0, and the relative contact time t

Material E (GPa) v d (nm) F (nN) P (GPa) 0(°) T
Si 129.0 0.28 0.56 66.1 8.6 —47.19 0.0518
Inh 116.1 0.28 0.57 65.1 8.2 —47.23 0.0526
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an empirical function which is determined by both
of the most important parameters: the contact
time ¢#'=t7 and the maximum contact force F. A
cut cosine function is a good approximation for
the numerical values and provides a simple analyti-
cal Fourier expansion. The empirical approxima-
tion A(z) for a single cycle is

ol 3)

with 6(¢) as the step function. Substituting Eq.
(20) into Eq. (18) yields the coefficients

(20)

2Ft cos(tkm)
n 1—42k%

=

(21)

For this special choice of the impact function /(¢)
is symmetric, i.e. h(¢)=h(—1t), thus Im ¢} =0. The
coefficients are plotted in Fig. 3a. Note that the
Fourier coefficients could also have been deter-
mined by fast Fourier transformation (FFT) from
the numerical results. However, the empirical func-
tion allows us to verify the results analytically.

The photodiode signal response can be calcu-
lated by substituting the Fourier coefficients of Eq.
(21) into Eq. (9) and using the cantilever parame-
ters. In Fig. 3a the photodiode signal is depicted
in the frequency domain. The dominant compo-
nent for the cantilever dynamics is at the funda-
mental frequency. The self-consistency of the
model can be checked by phase correct addition
of the oscillatory motion caused by the component
at the fundamental frequency to the free oscillatory
motion of the cantilever. As a result, one obtains
a good approximation for the single degree of
freedom cantilever dynamics as obtained by the
numerical solution of Eq. (10).

The other prominent frequency is the sixth
harmonic. Here, the theoretical signal amplitude
is equivalent to a static deflection of 0.19 nm. The
relative contrast c,g=1—Sg/S,n between the
signal expected on pure silicon Sg; and the signal
on the 10% softer sample Sy, is 0.3%. However,
as can be seen in Fig. 3b, the relative contrast
increases with increasing frequency. For imaging
purposes, the harmonics 17 and 18 are well suited.

@ .5 : : : : 50
— 1 ’.1.9.4 %
£ 0.0} {40 =
~ Sy
5 015 30 %
wv) Q
< 0.10 208
= S
- Q
o St
£ 0.0s 10.8
< 3

0.00H 0.0 =
0 5 10 15 20 25

harmonic

rel. contrast (%)
oo

L

0 5 10 15 20 25
harmonic

Fig. 3. (a) Photodiode signal of the tapping cantilever in the
frequency domain [bars, cf. Eq (9)]. The bar indicating the
amplitude of the fundamental frequency was shortened in order
to fit into the graphics. The multiple resonances of the cantilever
beam are evident. The squares indicate the respective Fourier
coefficients of the impact function in Eq. (17). (b) Relative
contrast between both the silicon and the softer area. For the
higher harmonics the contrast increases significantly.

The signal amplitude is still about 0.025 nm and
the relative image contrast is now c.;=3%. In
phase imaging mode, a phase shift of 0.03° is
obtained, cf. Table 1. Therefore, the low-level sig-
nals require a highly sensitive low-noise experimen-
tal set-up.

In the time domain, the photodiode signal
exhibits complex behavior (Fig.4). In the unfil-
tered photodiode signal (Fig. 4, top) only small
deviations from the harmonic response can be
determined. However, when the contributions of
the fundamental frequency are removed from the
signal, the high frequency oscillations become
prominent (Fig. 4, bottom). The amplitudes of
these anharmonic oscillations are two orders of
magnitude smaller compared with the fundamental
oscillation. This again justifies the approach to
parameterize the tip—sample force as an external
force.
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10 nm
/ 1mpact
0.0 0.5 1.0 1.5
time (cycles)

Fig. 4. Photodiode signal of the tapping cantilever in the time
domain. In the unfiltered signals small distortions can be seen
(top). The periodic tip—sample impact is indicated by the
arrows. When the fundamental oscillation is filtered out, com-
plex dynamics are evident (bottom).

The simplifying assumptions impose some
limitations which should be reviewed briefly. The
tip—sample force was chosen as an external force.
This means that the cantilever is treated as a freely
vibrating cantilever. Obviously, this assumption
does not hold for the time when the cantilever is
in contact with the specimen. Thus, for configura-
tions like tapping on soft polymers, where the
contact time is a significant fraction of the oscilla-
tion cycle, a fully numerical approach seems
feasible.

In Eq. (6) a periodic external force was
assumed, i.e. the system is treated as a linear
system. This is not fulfilled for low setpoints (hard
tapping) where non-linear effects can play a sig-
nificant role in the cantilever dynamics. The same
applies to the chaotic regime of the cantilever
dynamics, where period doubling can occur [23]
and additional spectral components can be intro-
duced [24].

Another factor is that the resonant frequencies
of the higher eigenmodes depend on the tip—sample
interaction. However, for a semi-empirical
approach this is not a real limitation. Similar to
experiments, where the frequency shift of the oscil-
lating cantilever was determined for conventional
TM or non-contact AFM [25-27], the frequency
vs. setpoint relation can be determined for the
higher eigenmodes. The values obtained there can

subsequently be used for a semi-empirical
formulation.

Finally, we would like to point out that the
analysis of the cantilever dynamics in the frequency
domain allows us to determine features of the tip—
sample interaction. In a first approach, both key
parameters of the tip—sample interaction can be
determined: contact time T and maximum loading
force F. Basically, only the amplitudes of two
higher harmonics have to be determined with
sufficient accuracy. Together with the knowledge
of the cantilever resonance frequencies and the
corresponding quality factors, which can easily be
measured, the parameters 7 and F in Eq. (20) can
be calculated. In a more sophisticated approach,
all accessible Fourier components are used in order
to reconstruct the tip—sample force by inverse
Fourier transformation. Then, details of the
impact, like attractive forces, can also potentially
be analyzed.

In other words, with Fourier transformed AFM
(FT-AFM) additional information on the tip—
sample interaction is acquired. Phase imaging has
opened the possibility to monitor energy dissipa-
tion in TM-AFM. With FT-AFM contact time t
and force F, i.e. elastic properties, can also be
addressed.

4. Conclusions

In summary, we have shown theoretically that
the dynamics of tapping mode AFM are anhar-
monic. For a beam shaped cantilever, anhar-
monic oscillations with order of magnitude 1% of
the harmonic oscillation can be expected.
Furthermore, we have shown that the anharmonic
signal components can be used to obtain an image
contrast on hard samples based on the differences
in contact stiffness. With a silicon (100) surface as
numerical example, we show that elastic inhomo-
geneities having a 10% lower Young’s modulus
yield a significant contrast in higher harmonics.

The main advantage of the discussed imaging
mode is that the interaction force itself can be
measured. This significantly enhances the number
of possible applications for dynamic intermittent
contact mode atomic force microscopy. Dissipative
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effects can be addressed using phase imaging AFM,
whereas the elastic tip—sample interaction can be
investigated by Fourier transformed AFM.
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Appendix A: The freely oscillating cantilever

The solution of the equation of motion of a
freely vibrating cantilever can be found in text-
books on structural dynamics [28,29]. Therefore,
the solution is only briefly reviewed here in order
to provide the necessary equations. The undamped
free vibration equation of motion for the transverse
displacement response w(x,t) of a cantilever beam
is

o*w(x,t) Pw(x,t)
m =
ox* ot?

(A.1)

with flexural stiffness E7 and constant mass per
unit length m. The variables can easily be separated
using

w(x,t)=p(x)Y(2). (A.2)

Here, ¢(x) is the specific shape and Y(¢) the time-
dependent amplitude. Substitution of Eq. (A.2)
into Eq. (A.1) and division by ¢(x) Y(z) allows us
to obtain the separated ordinary differential equa-
tions

Y(6)+ 0 Y(£)=0 (A3)
¢ oM =0 Ad
@(P(XH‘E(D(X)— (A4)

where the constant  can be found (see below) to
fulfil the relation

EI
w? =(k,L)* —. (A.5)
m

Eq. (A.3) is the well-known undamped one
degree of freedom harmonic oscillator. The modal
shapes can be derived from Eq. (A.4) when the
boundary conditions are considered. On the left-
hand side at x=0 the boundary conditions are
»(0)=0 and ¢'(0)=0, which is a clamped end. On
the free end of the cantilever at x=L, the corre-
sponding equations are ¢"(L)=0 and ¢"(L)=0.

In the following, the solutions obtained from
Eq. (A.4) are given without derivation. The eigen-
values [Eq. (A.5)] are determined by the character-
istic (frequency) equation

1 +cos k, L cosh k, L=0. (A.6)

Numerical values are: k;L=1.875, k,L=4.694,
and k3L =7.854. For higher eigenmodes the asymp-
totic value is k® L=(n—3)n, a good approxima-
tion. Already for n=4 the asymptotic value
provides a four-place accuracy approximation for
the exact solution.

The eigenvectors (modal shapes) for the freely
vibrating cantilever are

cos k,L+cosh k,L
@, (x)=cos k,x—cosh k,x — — -
sink,L+sinh k, L
x (sin k,x —sinh k,x). (A7)

The ¢,(x) fulfil the orthogonality relation
L

J 0,(x),,(x)dx=0 for w, #w,,. (A.8)
0

Furthermore, the ¢,(x) are normalized

J Pn(x)@,(x)dx=1. (A.9)

0

At x=0and x=L Eq. (A.7) yields
9,(0)=0
Pu(D)=2(=1)".

From a geometric point of view, the eigenvectors
are the modal bending shapes ¢,(x). They can be
used as normal coordinates for the description of
a general cantilever motion. Note that the ¢,(x)
constitute an incomplete baseset. However, they

(A.10)
(A.11)
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span the subspace of the physically possible bend-
ing shapes of a freely oscillating cantilever.

Appendix B: Transformation into generalized
coordinates

For the description of the cantilever dynamics
the eigenfunctions of the respective configuration
are used as coordinate system. The transformation
rule into the normal coordinates is given by

W= 3 g0 Y0 (B.1)

where the ¢,(x) are the modal shapes and the
Y,(?) the respective time-dependent amplitudes. In
the following, the ¢,(x) are assumed to be ortho-
normal, but no further assumptions concerning
the shape are needed. Therefore, the conclusions
drawn in this appendix apply to arbitrary bound-
ary conditions.
Substitution of Eq. (B.1) into Eq. (1) yields

0 4

0 .
ET 74 [q”n(x) Yn(t) + a (pn(x) Yn([)]
=1 0x

£ 3 a0+ Y ap, ()Y, (1) =/ (e,
(B.2)

Multiplication by ¢,(x), integration and subse-
quent application of the orthogonality relation
[Eq. (A.8)] give

Mﬁm+§xmf¢M)

n=1 0

Po,(x
><|:a0(p,,(x)+a1EI Pl ):|dx
ox*

+w? M, Y, (1)=Fi(1). (B.3)
The generalized mass M, is defined by
L
M, =J m(x)p;(x)*dx. (B.4)
0

Here, M;=m because the ¢,(x) are normalized and
m is independent of x. In order not to restrict the

results unnecessarily, throughout this article the
generalized mass M; will be used. Similarly, the
generalized external force is

Fi(l)=J S 0)gi(x)dx (B.5)

0

and the generalized stiffness is

1 02 0?
K; :J pi(x) @ El(x) @ pi(x)dx. (B.6)

0

The damping terms in Eq. (1) were chosen so that
Eq. (B.3) decouples completely. The modal damp-
ing parameter y; is thus given by

do a, w;
Yi=_—+
2m; 2

(B.7)

This means that the parameter y can arbitrarily be
selected for two eigenfrequencies w, and w,, in
order to reproduce experimental values. (Often the
quality factor Q;=1/2y; is used instead of the
damping coefficients y;.) By this choice all other
damping parameters are determined. The experi-
mental values are qualitatively well reproduced
using this approach. For low frequencies, the
damping is reduced with increasing eigen-
frequency, for higher eigenfrequencies the damping
increases linearly (Fig. B.1).

damping v,

eigenfrequency o,

Fig. B.1. Damping for the different eigenmodes. For small
eigenfrequencies stiffness proportional damping dominates,
whereas for larger frequencies the mass dependent damping
prevails [see Eq. (1)].
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This now allows further transformation of Eq.
(B.3) and leads to the decoupled differential equa-
tions

.. , Fi(¢)
Yi(f)+2ViCUiYi(t)+wi2Yi(t): 1Y, i=1,2,...

i

(B.8)
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